This article presents a methodology to generate surfaces with planar lines of curvature from two or three curves and tailored for architectural design. Meshing with planar quadrilateral facets and optimal offset properties for the structural layout are guaranteed. The methodology relies on the invariance of circular meshes by spherical inversion and discrete
shows the correspondance between shape gen-63 eration techniques using two or three curves and their The objective of this work is thus to enrich the de- 
78
The second section of this paper discusses thus the gen- article.
93
by joining spheres that can be manipulated by the designer 126 [28] . 
Möbius transformations

144
The transformation at the core of the framework using 145 cyclidic nets is the Möbius transformation or inversion,
146
which is a very simple non-linear map. We recall here some 147 of its elementary properties, and introduce the notations 148 used in the following of this paper.
149
Möbius transformations preserve locally angles, and are thus conformal maps. They also preserves circles.
Möbius transformations are compositions of translation, scaling and spherical inversions. The latter transformation is defined by a center and a ratio. Consider a point C, later called center of inversion, and a real number k.
The inversion of center C and ratio k applied to a point M is a point M defined by the well-known equation:
In the complex plane, the inversion of ratio k with center C (complex number z C ) reads as:
An elementary property of inversions is that they are in- this procedure to the next quadrangle in the same row,
189
and so forth, up to completion of each strip.
190
This iterative procedure is computationally efficient.
191
The number of operations and the use of memory is pro- 
The computation of the function is not hard, and its min-299 imisation gives satifying results and is done in real-time.
300
The user can specify additional constraints, like the angle in Figure 8 and it will be shown that it admits a one pa-373 rameter family of solutions. 
Mechanical properties of super-canal surfaces
Preliminary considerations 375
The relevant definition of canal surfaces in this case is 376 to consider them as the envelope of a family of spheres. is illustrated in Figure 9 : choosing the orientation of the 395 normal is equivalent to choosing a surface tangent to the 396 resulting canal surface. 
415
Consider hence the first curve discretised with n subdivisions, as depicted in Figure 10 . The centres of the spheres belong to n lines on the developable surface. Let P k be the k th point on the first curve, C k the centre of the bi-tangent sphere on the corresponding line and C k the closest point to C k on the second curve. By default, C k is not on the bisector surface. Therefore, the following functional is introduced and minimised.
The positions of the C k are encoded with independent 416 unique parameters. Each term of the sum can thus be 417 minimised individually by the means of Newton's method. 4. Initialise the C k with C k = P k .
5. Minimise Equation(6) with Newton's method.
431
The result is a collection of points corresponding to sphere 432 centres. The radius R k of each sphere is given by the
Generation of a supporting cyclidic net 435 We have seen that given two curves and a supplemen- It is clear that for any k, C k and C k+1 both belong 442 to the sphere S k+1 . Consider Figure 12 : choosing one 443 point V k on C k there is exactly one point V k+1 on C k+1 444 so that P k V k V k+1 P k+1 is inscribed within a circle. The
Figure 12: Two circles C k and C k+1 : by choosing one point V k on C k , one defines a circle and a one parameter family of cyclidic patches. 
460
• Choose a discretisation of the first circle C 1 , the k th 461 point of the n th circle is noted P n,k
462
• The P n,1 are chosen so that they all belong to the 463 fitted curve which is a line of curvature of the result-464 ing surface;
465
• Starting from k = 1 and n = 1, generate the plane
466
P going through P n,k , P n,k+1 and P n+1,k (step 1 467 in Figure 13 );
468
• The point P n+1,k is the intersection between P and 469 C n+1 (step 2 in Figure 13 );
470
• Iterate over k (step 3 in Figure 13 );
471
• Iterate on C n+1 and C n+2 (step 4 in Figure 13 );
472
The tool recalls the two-rails sweep commonly used in In the first case, only the intersection of the last circle 500 and C f is unknown. In the second case, the position of P 
Practical applications
511
The method presented in this paper has been used dur- this operation within a limited time frame (5 days).
524
Figure 16: A prototype built with torsion free-nodes on a super-canal surface.
The tools presented in this paper were used for shape improve the overall stability and stiffness 1 .
531
Another exploration was performed with a timber has therefore been developed to generate these surfaces.
571
It consists of solving the inverse problem detailed in the 572 following.
573
The input data for the problem are displayed in Fig-574 ure 19. The user prescribes one planar curve, one circle 575 in the same plane comprising the ends P 1 and P 4 of the 576 curve, and two points P 2 and P 3 on this circle. The objec-577 tive is here to reconstruct the initial surface of revolution, 578 therefore the problem is to find a center of inversion C so 579 that the image of the quadrangle P 1 P 2 P 3 P 4 is an isosceles z 3 and z 4 to the points P 1 , P 2 , P 3 and P 4 , and writing 588 z j,C the complex number associated to the image of z j by 589 an inversion of center C, we obtain equation (7): 
We can use the equation (2) to express equation (7) inversion is the only value of interest in this problem.
After simplifications, this equation leads to a second order equation in z C . The general form of (8) can be written as:
The case of A t = 0 can occur only when the quad 595 P 1 P 2 P 3 P 4 is already an isosceles trapezoid. In the other On this image, all the facets are inscribed within circles.
603
The free-form shape is thus covered with planar facets and 
C-canal surfaces
612
We proposed an extension of the generation method thus the same as the ones described in Figure 6 , with the 623 control of one curve in addition.
624
The lengths of the edges is specified for the C-canal can be used to minimise the error:
The optimisation is done for each L k successively. This 6. Discussion 
Shape explorations: potential and limitations
725
The generation super-canal surfaces is subject to mod- 
763
The tools developed for the shape generation were used in 764 the practical context of a workshop for architecture and 765 engineering students.
766
The methodology for shape generation relies heavily 767 on Möbius geometry, the geometry of circles in space. 
